Abstract. A compact space is said to be weakly Radon-Nikodým if it is homeomorphic to a weak * -compact subset of the dual of a Banach space not containing an isomorphic copy of ℓ 1 . In this paper we provide an example of a continuous image of a Radon-Nikodým compact space which is not weakly Radon-Nikodým. Moreover, we define a superclass of the continuous images of weakly Radon-Nikodým compact spaces and study its relation with Corson compacta and weakly Radon-Nikodým compacta.
In [9] , I. Namioka defined a compact space K to be Radon-Nikodým (RN for short) if and only if it is homeomorphic to a weak * -compact subset of a dual Banach space with the Radon-Nikodým property. One of the most important questions posed by Namioka in this paper was whether the class of RN compact spaces is closed under continuous images. This question was solved negatively by A. Avilés and P. Koszmider in [3] .
The class of weakly Radon-Nikodým compact spaces generalizes the class of RN compact spaces. In [7] , E. Glasner and M. Megrelishvili define a compact space to be weakly Radon-Nikodým (WRN for short) if and only if it is homeomorphic to a weak * -compact subset of the dual of a Banach space not containing an isomorphic copy of ℓ 1 . In [8] , they ask whether the class of WRN compact spaces is stable under continuous images. In these papers, a picture of this class of compact spaces is given and it is characterized in terms of Banach spaces of continuous functions. They prove that linearly ordered compact spaces are WRN. Moreover, [8] contains a proof by S. Todorcevic that βN is not WRN.
In this work we answer negatively the question of E. Glasner and M. Megrelishvili by proving that a modification of the construction given in [3] provides an example of a continuous image of a RN compact space which is not WRN. We construct a RN compact space L 0 , a non-WRN compact space L 1 and a surjective continuous function π : L 0 −→ L 1 in the same way as in [3] .
In the second section we define quasi WRN compact spaces, a superclass of the continuous images of WRN compact spaces. We prove that zero-dimensional quasi WRN compact spaces are WRN. We also show other relations of quasi WRN compacta with Corson and Eberlein compacta, including an example of a Corson compact space which is not quasi WRN.
1.
A continuous image of a RN compact space which is not WRN
Any unexplained notation can be found in [3] . By ∆ = 2 N = {0, 1} N we denote the Cantor set with the topology induced by the metric ρ : ∆ × ∆ −→ R given by ρ(x, y) = 2 − min{k:
<ω denotes the set of all finite sequences of 0's and 1's and, for every t ∈ T , |t| denotes the length of t. By G we denote all finite sets g = {s 1 , ..., s n } such that s 1 , ..., s n ∈ T verify |s 1 | = ... = |s n |. Given t ∈ T and g ∈ G we define Γ t g : ∆ −→ ∆ as:
•
Notice that each Γ t g is continuous. The main difference between our construction and that of [3] is the choice of the functions Γ t g with g ∈ G and t ∈ T . This choice will let us prove that L 1 is not WRN.
Let K = t∈T A t ∪ B ∪ C be a compact space such that:
(1) All points of A = t∈T A t are isolated in K.
(2) For every x ∈ B there exists an infinite set C x ⊂ A such that C x = C x ∪{x} and moreover, C x is open in K. (3) There exists a function ψ : B −→ G T such that for any family of subsets of A of the form {X
is infinite for all t ∈ T . A. Avilés and P. Koszmider called a compact space of the previous form a basic space and they provided some examples of such compact spaces.
Consider
in the same way as in [3] :
• A basic neighborhood of a point (a, t) in L is of the form {a} × U where U is a neighborhood of t in ∆. A basic neighborhood of a point
is the continuous surjective function given by the formula
It is clear that π is continuous and surjective. L 0 is RN, since the proof given in [3] also works in this case because it does not use the definition of the functions Γ smaller than ε for every f ∈ F . F is said to be eventually fragmented if every sequence in F has a subsequence which is a fragmented family on X.
We will use the following characterization of WRN compact spaces:
. Let X be a compact space. Then, X is WRN if and only if there exists an eventually fragmented uniformly bounded family of continuous functions F ⊂ C(X) which separates the points of X.
The proof of the previous theorem is based on the construction of Davis-FigielJohnson-Pelczyński [4] and Rosenthal's ℓ 1 -theorem [11] .
is an eventually fragmented uniformly bounded family. We will find two points that are not separated by F . For every a ∈ A and every z 1 ≤ z 2 ∈ ∆, we denote by a+ z 1 the unique point of L 1 of the form [(a, z 1 ), v] and by a + [z 1 , z 2 ] the set of points a + z with z ∈ [z 1 , z 2 ], where the order in ∆ is the lexicographical order. Similarly, for every x ∈ B and every
the point given by the formula v y = f y (x) for every y ∈ B \ {x} and v x = ξ 1 and by x ⊕ [ξ 1 , ξ 2 ] we denote the set of points x ⊕ ξ with ξ ∈ [ξ 1 , ξ 2 ]. For every a ∈ A t and f ∈ F , we can find
For each a ∈ A and f ∈ F fix s f (a) with the previous property and |s f (a)| minimum.
Then, the set {s f (a) : f ∈ F } is finite for every a ∈ A. Namely, if this set were not finite, there would exist a ∈ A t for some t ∈ T and a sequence {f n } n∈N in F such that |s fn (a)| −→ ∞, so {f n : n ∈ N} would not have a fragmented subsequence, since for any open subset O of a + ∆ there would exist N such that f n (O) has diameter bigger than 1 4 |t| for every n > N . Therefore, {s f (a) : f ∈ F } is finite for every a ∈ A due to the eventually fragmentability of F . Thus, for every a ∈ A t there exists g a ∈ G such that for every f ∈ F we can find s ∈ g a with
A t : g a = g} for every t ∈ T and every g ∈ G. These sets verify A t = g∈G X t g for every t ∈ T . Due to property (3), there exists x ∈ B such that
is infinite for every t ∈ T . We are going to prove that F does not separate the points of
for every i ∈ {0, 1}. Taking limits we obtain a n k + s ⌢ (i, i, ...) −→ x ⊕ ξ i for every i ∈ {0, 1}, where
and F does not separate x ⊕ 0 and x ⊕ 1.
WRN and QWRN compact spaces
of disjoint pairs of subsets of a set S is said to be independent if for every n ∈ N and every ε : {1, 2, ..., n} −→ {0, 1} we have
S is said to be independent if there exist real numbers p < q such that the sequence A is independent, where A 0 n = {s ∈ S : f n (s) < p} and A 1 n = {s ∈ S : f n (s) > q} for every n ∈ N. Every compact space K is homeomorphic to a subspace of a product space
Γ is an embedding, then x α denotes α(i(x)) for every x ∈ K and every α ∈ Γ.
Using Rosenthal's ℓ 1 -theorem and the fact that a uniformly bounded family of continuous functions is eventually fragmented if and only if it does not contain a sequence equivalent to the unit basis of ℓ 1 (see [7, does not contain independent sequences, where A 0 α = {x ∈ K : x α < p} and A 1 α = {x ∈ K : x α > q} for every α ∈ Γ. Then Γ ⊂ C(K) is a family without sequences equivalent to the unit basis of ℓ 1 and therefore it is an eventually fragmented uniformly bounded family separating the points of K. Thus, K is WRN due to Theorem 1.2. In [1] and [5] two superclasses of continuous images of RN compacta are defined. In [2] it is proved that both superclasses are equal. Compact spaces of these superclasses are called QRN. In [1] it is proved that zero-dimensional QRN compact spaces are RN and that continuous images of QRN compact spaces are QRN. In essence, our definition of QWRN is analogous to the definition given in [5] . In this section, we prove similar results for QWRN compact spaces.
From Theorem 2.2 it follows that every WRN compact space is QWRN. A useful characterization of QWRN compact spaces is given by the following lemma: Proof. Set ε = q − p. If K is QWRN, then we can take Γ p,q n = Γ ε 2 n for every n ∈ N. Now, fix ε > 0. There exist p 1 < p 2 < ... < p m such that for every p < q with q − p > ε, there exist p < p j < p j+1 < q for some j ≤ m. Thus, we can obtain a countable decomposition of Γ = does not contain independent sequences, where
The following lemma is a modification of Lemma 3 in [11] . (β 1 , . .., β n ) ∈ Λ n , r = (r 1 , ..., r n ), s = (s 1 , ..., s n ) ∈ [−1, 2] n and n ∈ N. Therefore, r,s) . Similarly, there exists a finite set S 1 α such that
Without loss of generality, we can take for every α ∈ Γ a natural number n α such that
For every U (β,r,s) and m ∈ N, we define
Notice that U has an independent sequence. If not, the family
contains an independent sequence too. Since
there exist i, j ∈ {1, 2, ..., n} such that the family U contains an independent sequence. Therefore, there exists an independent sequence of the form {y ∈ L :
N for every k ∈ N. Taking a subsequence if necessary, we can suppose that there exist t ∈ {1, 2, ..., N } such that β k ∈ Λ 1 2m t and that r k tends to r ∈ [−1, 2]. Therefore,
contains an independent sequence. This is a contradiction with the definition of Λ Notice that in the previous proof we have not made any assumption on the family Γ. Therefore, in particular, we have proved the following result: Proof. Since K is zero-dimensional, we can suppose that K ⊂ {0, 1} Γ for some set Γ. Due to Lemma 2.7, there exists a decomposition Γ = n∈N Γ n such that for every p < q with q − p > 1 2 , the family of pairs A 0 α = {x ∈ K : x α < p}, A 1 α = {x ∈ K : x α > q} with α ∈ Γ n does not contain independent sequences. Since K ⊂ {0, 1} Γ , we know that the previous family of pairs does not contain independent sequences for any p < q.
Let F = {f α } α∈Γ ⊂ C(K), where f α (x) = xα n for every n ∈ N, α ∈ Γ n and x ∈ K. The family F separates the points of K and it does not contain an independent sequence of functions, so K is WRN due to Theorem 2.2.
As a corollary of Theorems 2.6 and 2.8, we obtain the following result: Corollary 2.9. Zero-dimensional continuous images of WRN compact spaces are also WRN.
We finish the section relating Eberlein and Corson compacta with QWRN and WRN compacta. Let Σ(Γ) denote the sigma-product consisting of all x ∈ R Γ such that x has countable support. A compact space is said to be Corson if it is homeomorphic to a compact subspace of Σ(Γ) for some set Γ and it is said to be Eberlein if it is homeomorphic to a weak-compact subset of a Banach space.
Farmaki gave the following characterization of those Corson compacta that are Eberlein:
Theorem 2.10 ([6]). A compact space K ⊂ Σ(Γ) is Eberlein if and only if for every ε > 0 there exist a countable decomposition Γ = n∈N Γ ε n such that for every x ∈ K and every n ∈ N, the set {α ∈ Γ ε n : |x α | > ε} is finite. The Talagrand's compact is an example of a Corson compact space which is not Eberlein [13] . It consists of all characteristic functions 1 A ∈ {0, 1} N N with A ⊂ N N such that there exists n ∈ N with x(k) = y(k) for every k = 1, 2, ..., n and x(n + 1) = y(n + 1) for every x, y ∈ A with x = y.
However, every Corson and RN compact space is Eberlein: It is proved in [1] that the previous theorem can be extended to QRN compact spaces. If the compact space is solid, then the previous theorem can also be extended to QWRN compact spaces: Theorem 2.12. Let K ⊂ Σ(Γ) be a solid Corson compact space, where solid means that for every x ∈ K and every A ⊂ Γ finite, x1 A ∈ K. Then, K is WRN if and only if it is QWRN if and only if it is Eberlein.
Proof. Since every Eberlein compact space is WRN and every WRN compact space is QWRN, we have to show that if K is QWRN then it is Eberlein. Suppose K is QWRN and fix ε > 0. There exists a decomposition Γ = n∈N Γ n such that the family A does not contain independent sequences for every n ∈ N, where A 0 γ = {x ∈ K : x γ > ε} and A 1 γ = {x ∈ K : x γ < ε 2 }. Let x ∈ K. We are going to see that {γ ∈ Γ N : |x γ | > ε} is finite for every N ∈ N. Suppose (γ n ) n∈N ⊂ Γ N is a sequence of coordinates with |x γn | > ε. Since K is solid, for every δ : {1, 2, ..., n} −→ {0, 1}, the element x1 {γ k :δ(k)=0} is in K and, therefore (A Thus, {α ∈ Γ N : |x α | > ε} is finite for every N ∈ N and K is Eberlein due to Farmaki's Theorem. Corollary 2.13. The Talagrand's compact is solid, Corson and not Eberlein. Therefore, the Talagrand's compact is not QWRN.
